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We investigate the possibility of generating quantummacroscopic coherence phenomena by means
of relativistic effects on a trapped electron.
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One of the fundamental aspects of quantum mechanics
is the exsistence of interfertence among quantum states
which signs the difference between a superposition of
states and a mixture of states. However, as soon as the
superposition principle is extended to the macroscopic
world the Schro¨dinger’s cat paradoxe [1] arises. Practi-
cally the visibility of such curious superposition states at
macroscopic level is precluded by the decoherence phe-
nomena [2]. In fact the latter results proportional to the
”macroscopic separation” between the superposed states
[3]. This subject has always attracted the attention of
physicists, but recentely, due to the improved technology,
there was a growing interest on the possibility of observ-
ing such superposition states, named Schro¨dinger’s cat
states.
Several proposals for the generation of linear superpo-
sitions of coherent states in various nonlinear processes
[4] and in quantum nondemolition (QND) measurements
[5] have been made. Actually, only ”mesoscopic” cats
were observed in trapped ions and in cavity QED [6].
In order to generate the cat’s state in nonlinear sys-
tems, the crucial point is the ratio between the strength
of nonlinearity and the decoherence rate. The interfer-
ence effects could be preserved by slowing down the deco-
herence, but the proposed methods [7,8] encounter some
difficulties in practical realization. Hence the search for
systems where such a ratio is sufficiently high.
A high nonlinearity with respect to the damping, and
consequently the dilatation of the decoherence time,
could be obtained in charged trapped systems, even
though at microwave level. In this letter we shall present
as a system for the generation of cat states, an electron
trapped in a Penning trap [9] whose relativistic motion
induces nonlinear effects. Although the relativistic cor-
rection results very small, its effect is however observable
[10]. The macroscopic character relies in this case on the
possibility of high coherent excitations of one mode of
the electron motion. We shall also suggest appropriate
measurement techniques useful for revealing the quantum
macroscopic coherence.
In a Penning trap one considers the motion of an elec-
tron in a uniform magnetic field B along the positive z
axis, driven by an electric field circularly polarized on
the x y plane and a static quadrupolar potential. As it
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is well known [11], the motions of that electron in the
trap are well separated in energy scale and, in a typical
experimental situation [12], the interesting frequencies
are 160 GHz for the cyclotron motion, 64 MHz for the
axial motion, and 12 kHz for the magnetron motion. In
what follows we shall consider only the cyclotron and the
axial degrees of freedom neglecting the slow magnetron
motion. To simplify our presentation, we assume the a
priori knowledge of the electron’s spin, then we neglect
all the spin-related terms in the Hamiltonian which, for
an electron of rest mass m and charge −|e|, can be ap-
proximated by [11,13]
Hˆ =
1
2m
[
pˆ− e
c
Aˆ
]2
− 1
8m3c2
[
pˆ− e
c
Aˆ
]4
+ eV0
xˆ2 + yˆ2 − 2zˆ2
4d2
,
(1)
with
Aˆ =
(
i
c
ωp
(
ǫ∗eiωpt − ǫe−iωpt)− B
2
yˆ ,
c
ωp
(
ǫ∗eiωpt + ǫe−iωpt
)
+
B
2
xˆ , 0
)
,
(2)
where c is the speed of light and ǫ the amplitude of the
driving field at angular frequency ωp; d characterizes the
dimensions of the trap and V0 is the potential applied
to its electrodes. The second term on the r.h.s. of Eq.
(1) represents the correction due to the relativistic shift
of the electron mass (we have neglected all contributions
of higher order). It is now convenient to introduce the
raising and lowering operators for the cyclotron motion,
aˆ =
1
2
[
β(xˆ − iyˆ) + 1
βh¯
(pˆy + ipˆx)
]
, (3)
aˆ† =
1
2
[
β(xˆ + iyˆ) +
1
βh¯
(pˆy − ipˆx)
]
, (4)
with β = (mωc/2h¯)
1/2 and ωc = |e|B/mc being the cy-
clotron angular frequency. Analogously, for the axial mo-
tion we define
aˆz =
[mωz
2h¯
]1/2
zˆ + i
[
1
2mh¯ωz
]1/2
pˆz , (5)
aˆ†z =
[mωz
2h¯
]1/2
zˆ − i
[
1
2mh¯ωz
]1/2
pˆz , (6)
with ω2z = |e|V0/md2.
Thus, by using these new operators, in the dipole and
rotating wave approximation, the Hamiltonian (1) be-
comes
Hˆ = h¯ωˆM (aˆ
†aˆ+
1
2
)− h¯µ(aˆ†aˆ)2 + ih¯k (ǫaˆ†e−iωpt − ǫ∗aˆeiωpt)+ h¯ωz(aˆ†z aˆz + 12) ,
(7)
where
2
µ =
h¯ω2c
2mc2
, k =
|e|
ωp
( ωc
2h¯m
)1/2
, (8)
and ωˆM is an operator defined by
ωˆM = ωc
[
1− pˆ
2
z
2m2c2
− h¯ωc
2mc2
]
. (9)
All terms not containing the raising or lowering operators
have been omitted. We have also neglected the anhar-
monicity of the axial motion, which is smaller by a factor
(ωz/ωc)
2 with respect to that of the cyclotron motion.
In the expression for ωˆM we have neglected a correction
to the bare cyclotron angular frequency due to the pres-
ence of the quadrupolar potential which is of the order
(ωz/ωc)
2. Thus, we can see in Eqs. (7) and (9) that the
relativistic correction results in a coupling between ax-
ial and cyclotron motions allowing QND measurements
of cyclotron excitations in absence of the pumping field
[14], and in a further anharmonicity term.
The initial state for the cyclotron motion should be
the ground state, considering for simplicity no excita-
tions present in the cyclotron motion due to the thermal
bath; which however could be easily introduced. Then
we suppose the driving field acting initially as a kick,
and strong enough so that within its duration, say τ ,
the remaining evolution can be neglected. That could
be realized if τ is shorter than the characteristic periods,
i.e. τ << 2π/ωz << 2π/µ once one has chosen ωp close
enough to ωc. Hence, we may write the effective initial
cyclotron state as
ρˆ(0) = Dˆ(α0)|0〉〈0|Dˆ†(α0) , (10)
with the displacement operator, in a frame rotating at
the frequency ωp, given by
Dˆ(α0) = exp
[
α0aˆ
† − α∗0aˆ
]
; α0 = kǫτ . (11)
After that the Hamiltonian governing the electron’s mo-
tion (again in the rotating frame) is
Hˆ = h¯(ωˆM − ωp)(aˆ†aˆ+ 1
2
)− h¯µ(aˆ†aˆ)2 + h¯ωz(aˆ†z aˆz +
1
2
) .
(12)
Furthermore, the axial motion relaxes much faster than
the cyclotron one [11], then we can first average over the
axial degrees of freedom and the Hamiltonian (12) simply
reduces to
Hˆ = h¯(ωM − ωp)(aˆ†aˆ+ 1
2
)− h¯µ(aˆ†aˆ)2 , (13)
where ωM is no longer an operator, and is determined by
the equilibrium temperature T
ωM = ωc
[
1− kBT
2mc2
− h¯ωc
2mc2
]
, (14)
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while the initial state of the cyclotron motion is the co-
herent state (10). The Hamiltonian (13) represents the
same model studied in Ref. [15]. By choosing ωp = ωM
and regarding the anharmonicity as the interaction part,
the discussed initial coherent state |α0〉 will evolve, after
a time t = π/2µ, in a superposition of coherent states
1√
2
[
e−i
pi
4 |α0〉 − eipi4 | − α0〉
]
(15)
which could be macroscopically distinguishable due to
the opposite phase whenever a sufficiently strong driven
field ǫ is used.
However, a complete treatment of the problem has to
include the interaction of the cyclotron motion with the
environment. The master equation for the (reduced) den-
sity matrix ρˆ of the cyclotron motion can be derived by
standard procedures [16] to get, in the interaction pic-
ture,
∂ρˆ
∂t
= iµ
[
(aˆ†aˆ)2, ρˆ
]
+
γ
2
[
2aˆρˆaˆ† − aˆ†aˆρˆ− ρˆaˆ†aˆ] , (16)
with γ representing the energy relaxation rate of the
cyclotron motion and for simplicity the temperature of
the bath is considered to be zero because the number
of thermal excitations at angular frequency ωc is neg-
ligible at the usual temperature of performed experi-
ments; i.e. T = 4K. Eq. (16) may be converted into
a partial differential equation for the Husimi [17] func-
tion Q(α, t) = 〈α|ρˆ(t)|α〉, which in turn should be solved
subject to the initial conditionQ(α, 0) = exp(−|α−α0|2).
The solution can be found as in Ref. [18] and reads
Q(α, t) = e−|α|
2−|α0|
2
∞∑
p,q=0
(αα∗0)
p
p!
(α∗α0)
q
q!
Zp,q(t) , (17)
Zp,q(t) = exp
{
−p+ q
2
[γ + 2iµ(p− q)]t+ γ|α0|2 1− e
−[γ+2iµ(p−q)]t
γ + 2iµ(p− q)
}
.
(18)
It is worth noting that the best way of observing the
microscopic system from the outside world is through the
measurement of the current due to the induced charge on
the cap electrodes of the trap, as a consequence of the
axial motion of the electron along the symmetry axis [11].
Even though the relativistic effect assures a coupling be-
tween the cyclotron and the axial motions, the detection
models we we have in mind are based on specific cou-
plings induced by Hamiltonians immediately before the
measurement process. These Hamiltonians could be ob-
tained by suitable modifications of the external fields and
are extensively discussed in Ref. [19] where the recon-
struction of the whole Wigner function of the cyclotron
state is also considered.
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Usually cat states are very fragile with respect to the
introduction of dissipation effects, however, the present
system has the great advantage of obtaining a high ratio
between the nonlinearity µ and the damping coefficient
γ. In fact the energy loss of the cyclotron motion can
be reduced by cavity effects [20] or by an off resonant
situation [21] to obtain γ ≈ 1 s−1, so that [11] µ/γ ≈
102 >> 1. Hence, the cat state may survive many cycles
due to the long decoherence time which is of the order of
(γ|α0|2)−1, as can be extracted from Eq. (18).
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